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CHAPTER -1
HIGHER ORDER DERIVATIVES

1.1 INTRODUCTION

In this chapter we shall learn to derive
higher orders derivatives of a given function
successively. For this reason it is also known as
successive differentiation.
1.2 SOME NOTATION

Given a function y=f(x) we denote

Y12, Y3V, as the first, second, third and the nth

derivatives of y=f(x) respectively.
1.3 The nth order derivations of some standard

functions :
To find the nth derivative of the following functions:

y1 = me™

yz — mzemx

_ .3 _mx
y3=m e

_..n _mx
yn_m e

Cor: Given that  y=a™

mxloga _(mloga)

y=e e X

I y=(ax+b)"
=m(

m-—2 2

y,=m(m—1)(ax+b)" *.a

ys=m(m—1)(m—2)(ax+b)"*.a

3



Cor : If m=n
Then
y,=n(n—1)(n-2)..3.2.1.a"
= yp,=a'.n
= Va1 =0

= ¥=0  and so on.
I1I. y=—

"~ ax+b

Given y 1 —(ax+b)71

" ax+b

yi=(—1)(ax+b)*.a
y,=(=1)(=2)(ax+b)>.d°
y:=(=1)(=2)(=3)(ax+b)*.a’

(ax+b)™"
1

Cor:Ifa=1Then Y=+
Then — ,-(=U'n

(X+b)n+1

IV. y=sin(ax+b)

ylzacos(ax+b):asin(%+ax+b)

y2:a2cos(%+ ax+b)=a’sin (22—n+ax+b)

yn:a”sin(%+ax+b)

\V4 y=cos(ax+b)
y,=—asin(ax+b)=a cos(%+ax+b)
n

y2=+azcos(5+ax+b)

yn:+a"cos(n7n+ax+b)



VI. y=e"sin(bx+c)

y,=ae"™sin (bx+c)+be™ cos(bx+c)
= e[ asin(bx+c)+bcos(bx+c)]

Put a=rcoes6 and b=rsin®
r=a+b* and tan@:g
Thus  y.=e™[rcos6.sin(bx+c)+rSin6.cos(bx+c)]
=  re™[sin(bx+c+0)]
Similary y,=r*.re®[sin(bx+c+0+0)]
— r’.re™[sin (bx+c+20)]

y;=r’.e"[sin(bx+c+30)]

y,=r".e”[sin(bx+c+n0)]

y, =(a*+b*)*e™[sin (bx+c+ntan_1%)]
VII. y=e“cos(bx+c)
y,=ae™cos(bx+c)—be™ sin(bx+c)
= e™[acos (bx+c)—bsin(bx+c)]
Put a=rcose  and b=rsine
r=g+b* and tan@:g

y,=re®cos(bx+c+0)
y,=r.r.e™cos(bx+c+0+0)
y,=r’.e"cos(bx+c+26)

y,=r’.e"cos(bx+c+38)

yo.=r".e"cos(bx+c+n0)

n

y. =(a’+b*)*e™ cos(bx+c+ntan1%)
VIII. y:]og(ax+b)

— — -1
Ve — a=a(ax+b)

y,=a’(—1)(ax+b)™"
y;=a’(—1)(=2)(ax+b)~’



Example :
If y =sinmx+cosmx 1 Then Show that
y, =m"[1+(—1)"sin2 mx ]2

Solution : Given that

y =Sinmx +Cosmx
" nw, ., nm
y,=m sm(mx+7)+m cos(mx+7)

2

1
yn=m”[sin(mx+%).cos(mx+n—;) 2

1
y,=m"[1+2 sin(mx+%).cos(mx+%)]2

N =

y,,:m”[1+sin2(mx+%)]

1
y,=m"[1+sin (2mx+nmx)]*

N =

y,=m"[1+sin2mx.Cosnm+cos2mx .sin n|

1
y,=m"[1+(—1)"sin2 mx]?

Since Cosnm=1 1f n 1s even
=-1 1f n 1s odd
SO cosna=(-1)
and  sinnx=0
1.4 Leibnitz's Theorem
If u and v are functions of x possessing
derivates of the nth order Then,

J— n
(uv)n—nco U, VAN Uy VAN U, 5 Vy+. N UV, 4N UV

Proof :
The proof 1s given by the principle of
mathematical induction on n.

Lety =uv



Step 1 Take n =1 then

yi=uv+uv, =1, u,v+1.uv,

The theorem is true forn =1

Step 2. We assume that the theorem is true for

n = m.
SO, (UV)m:mcoUmV+mclumqV1+chUm72Vz+---+mcm71U1me1+mchVm
Differentiating we get
(UV ) 1 =M (Upyay VULV )+ (U Vi F U,y Vo) + M (U Vot Uy o Va)+oe.
et (Up Vi #U, V)M (U VUV, )
M, Uy V(M +m U, vi+(me+m, Ju, v+ (m. +m Juv,+(m, uv,,,)

m+lcu,, ,v+m+l u, vi+m+l.u, ,v,+.m+l. uv, +m+l. uv,,

Note that (1) ™.*m.=m+1.
(ii) m.=1=m+i,
(ii1) m.=1=m+1.
Therefore, the theorem is true for n = m+1. Hence by
Mathematical induction the theorem i1s true for any
positive integer n.
1.5 Theorem : To prove that
D'e"f(x)}=e"(D+a’f(x)  where D=1
Proof : By Leibnitz's Theorem, we get
D'(e™f(x)}=e™(D)"f(x)+n.ae” D" f (x)+...n, a"e"f(x)
e”[((Df'+n aD" *+...a") f (x)]

e”[(D+a)'f (x)]

1.6 Applications of Leibnitz's Theorem to problems
Example 1 If y=sin(msin”x) Then Show that

i) (1=x*) y,—xy,+m’ y=0

1) (1=%) Y= (2n+1) Xy, +H(m*= 1) y, =0
Solution : Given that

y=sin(msin~'x)



sin”'y=msin"" x

1

1
—— y,=m.
\/1—yzy1 \/1—x2
\/l—xzylzm\/l—y2

2

U 4 4 J

\/l—xzy:mz(l—yz)
1
2 2 2
=  (1-x).2y,y,+y(=2x)=m’(-2yy,)
1
= (1=x%) y,—xy,+m’ y=0

1) Proved
For 11), Differentiating n times by Leibnitz's theorem

Yn+2(]'_x2>+ncl)/n+1(_2x)+nc2yn(_2)_yn+1x_nc1yn+m2ynzo

(1—xz)yn+z+nyn+1(—2X)+@yn(—Z)—Xyn+1X—nyn+m2yn=0

(1= X°) ypeo— (2n+1) x y, 0y H(m* = y?) y, =0

11) Proved



CHAPTER -2
HYPERBOLIC FUNCTIONS

2.1 Defintiions
[. Hyperbolic Sine Function

The function % , where X is real or complex
number, is called hyperbolic sine function and denoted

by Sinhx o
Thus sinhx =< —2e
II. Hyperbolic Cosine function
The function £t is called hyperbolic

Cosine function of x and is denoted by Cos hx.

Thus cos hx=% +Ze

The hyperbolic tangent, cotangent, secant and cosecant of x
are denoted and defined by the following relations :

sinhx _e*—e™

tan hx= =
coshx e*+e

coshx _e'+e "

sin hx B ef—e ¥
2

coshx "+ *

cothx =

Sec hx =

2
sin hx ex — eix

Note 1) e*=Coshx+ Sinhx
and e *=Coshx—Sinhx
.. el—e 0
11) sinhQ= =0
0 -0
and cosh0= +26 =1
3.2 Relation between circular functions and
hyperbolic functions.
I. To show that

sinix =isin hx

Cosec hx=

cosix=icoshx
tanix =itan hx

Where i=V-1



By definition, we know that

sinx—elx_e_x
. . 2i
Putting 1x for x
o ei(ix)_efi(ix) efx_ex o
sinix= - = ——=—j sinhx
2i 21
. B eix+efix
i(ix)+efi(ix)
Ccosix=
2
_ e _*e =Coshx
— 2
. sinix isinhx .
tanix = = =i tan hx

cosix  coshx

Similary other relations can be obtained.
2.3 Fundamental formulae :
I. To show that

cosh’x —sinh’x=1
sech’x—tanh’x=1

coth’x—cosech’ x=1

X -x 2 X -x 2
e +e e —e
(£re) (&=
— %{ezx+e_2"+2—ezx—e_zx+2]

2 . 2
cosh x—sinh"x=

_ 1
= 4=l

Thus cosh’x—sinh’x=1

Dividing by cosk’x  we get
sech’x+tanh’x=1

Again Dividing by sinn’x we get

coth’x—cosech’ x=1

11 cosh (—x)=cos hx
sinh (—x)=—sin hx

By defintion cosh(—x):—“:cos hx

and sinh(—x)Z—_:—sinhx



111. cosh (x+ y)=cos hx. Coshy +Sinhx . Sinhy
sinh( x+ y)=sin hx. Coshy +coshx. Sinhy

We know that
cosh(x+y)=cosi(x+y)
= cos(ix+iy)
— COSiX.cosiy—sinix.siniy

cosh (x+y)=coshx. cos hy +sin hx . sinhy
isinh (x+y)=sini(x+y)
= sin(ix+iy)

—  sinix.cosiy+cosix.siniy
sinh (x+ y)=sinhx. cos hy+ cos hx . sinhy

Similarly, tnh(x+y).coth(x+y) etc are obtained.
These formulae are known as addition formula.
2.4 Expansions of Cos hx and Sin hx we have

Coshx=cos (ix)

(ix)*  (ix)*

1— + +... Q0
>+, to

x* x*

= 1+—+—+...
>t to o0

isin hx =sin ix
(X (i)
lX—T'FT"'... tO o0

3 5
sinhx:x+—+x—

to o0

2.5 Periods of Hyperbolic functions when n is an
integer, then we have

sinh(x+2nmi)=—isini(x+2nmi)

— —i(ix—2nm)=—isinix=sin hx
cosh(x+2nmi)=—icosi(x+2nmi)
cos (ix—2nm)=cosix = cos hx
tanh(x+nmi)=—itani(x+nmi)

= —itan(ix—nm)=tanhx
Thus these functions are periodic. The period of
Sin hx and Cos hx are 2 nmi and the period of tanhx 1s nmi.



2.6 Inverse Hyperbolic Functions

If Sin hz = w then z 1s called the inverse hyperbolic
Since of w and is denoted by  sinh™'w

Thus Sin hz =w & z=sinh™'w

Similary, we define cosh'w,tanh'w  etc.

2.7 Value of inverse Hyperbolic functions
I. To find the value of cosh™'w
Let z:coshflwZ y
w=coshz=42¢

2
e’ —2we'+1=0

-
-
, 2w=aw'—4
= €=
-

5 =wi\/w2—1
z=log(w+yVw’—1)

But w-/w-1=—1
w+yw’—1

z=2nmitlog(w+/w’—1)
and known as the general value of  cosn'w
The principal value of
cosh 'w=log (w+y/w’—1)
I1. To find the value of sinh'w
Let z=sinh'w
= wesinhe=92%"

= =wxVw'+l
¢ 2

=  z=2nn+log(w+Vw+1)
or z=2nmn+log(w—Vw’+1)

Wl 1
But W=+ (w+Vw?+1)
log (w—+ w?+1)=log(—1)—log(w+y/w’+1)

“+1)

— mi—log(w+vw’+

—

Thus z=2nmi+log(w+Vw’+1)
or z=(2n+1)mi—log(w+yw’+1)



Thus z=nmi+(—1)"log (w+Vw?+1)
It 1s known as the general value of sinh™'w
The principal value of
sinh”'w=log(w+Vw’+1)
III. To find the value of  tann'w
Let z=tanh 'w

— w=tanhz:ez_efZ
e +e
2z
_e"—1
: _eZZ+1
2z _ 1+w ..
= € =1-w [By Componendo and Dividendo]
1+w
2z=2nmi+l
= z=2nmni+log ——
z—nni+llo 1w
= B R P

Which is known as the general value of tanh'w
The principle value of

tanh_1w=%log iit‘:
Similary, the principal value of Coth_llv=%10g - j
sech_leZIOgM
w
1491+

-1
cosech "zv=Ilog



2.8 Relation between the inverse hyperbolic
functions and inverse circular functions

If z=cosh 'w
w=coshz

w=cosiz
_1 .
cos w=iz

. -1
Z=——1COS W

L3444l

cosh 'w=—icos 'w
Similary,
sinh 'w=—isin"'w
tanh 'w=—itan 'w
2.9 Some problems
Separate into real and imaginary parts
I. Cosh (atip)

Solution Given

Cos h (a+1P) = Cos 1 (a+if)

= Cos (1o - PB)

= Cos ia. . Cos B + Sin 1o + Sin
Cos h (a+1P) =Cos ha . Cosp+1Sinh a. Sin 3

II. cos™'(x+iy)
Solution : Let  cos™'(x+iy)=A+iB—0
Then cos ' (x—iy)=A—iB
2 A=cos '(x+iy)+cos(x—iy)

cos H(x+iy ). (x—iy)—V1—(x+iy) . 1—(x—iy)’
= AZ%COS_1X2+y2—\/(1—x2+y2)2+4xzy2

=  2iB=cos '(x+iy)—cos '(x—iy)

cos '[(x+iy). (x—iy)+V1—(x+iy PV 1—(x—iy )

cosi2B=x+y*{(1-x+ y* P+4 x*y*

cosh2B=x*+y*+/(1—x*+ y*P+4x* y*



B:% cosh ' [xX2+ Y+ (1= x*+y%)+4 x*y]

Putting the value of A and B in equation (1) we get
the required result.

1. If Sin(6+i®) = tan (x+iy) Then show that

tan & _sin2x
tang sin2y

Solution : Since
Sin(0+i®) = tan (z+iy)

.. Sin(6-i®) = tan (z-iy)

So sin(@+id) _ tan(x+iy)
sin(@ —i¢) tan(x—iy)

= sin(@+i)+sin( @ —i¢p)  tan(x+iy)+tan(x+iy)
sin(@+i¢)—sin(F—ip) tan(x—iy)+tan(x—iy)

(By componedo & dividends)

2sin @ .cosi¢p _ sin[(x+iy )+(x—iy)]
— ——=— , , ;

2cos @ .sini¢ sin[(x+iy)—sin(x—iy)]
- tanH:sin2x

tani¢p sini2y

Hence @an® _ sin2x
tang sinh2y




- Thank
You

The
End
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